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Abstract 

For the first time, as far as we know, in field theory are found explicit 
forms of propagators satisfying the Kallen - Lehmann representation. To be 
exact, it is shown that scalar meson propagators, taking into account a virtual 
intermediate state contribution to the resonance self-energy, satisfy the Kallen 
- Lehmann representation in the wide domain of coupling constants of the 
light scalar mesons with the two-particle states. It is proposed to use these 
propagators in routine fitting data about light scalar mesons to reveal physics 
underlying the light scalar mesons. 
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Study of the nature of light scalar resonances has become a central problem of nonper- 
turbative QCD. The point is that the elucidation of their nature is important for under- 
standing both the confinement physics and the chiral symmetry realization way in the low 
energy region, i.e., the main consequences of QCD in the hadron world. Actually, what kind 
of interaction at low energy is the result of the confinement in the chiral limit? Is QCD 
equivalent to the nonlinear a model or the linear one at low energy? 

The experimental nonet of the light scalar mesons [1], the putative /o(600) (or (^(GOO)) 
and fi;(700 — 900) mesons and the well established /o(980) and ao(980) mesons [2], suggests 
the C/x,(3) X \Jr{^) linear a model. History of the hnear a model is rather long, so that the list 
of its participants, quoted in Ref. [3], is far from complete. Hunting the light a and k mesons 
had begun in the sixties already and a preliminary information on the light scalar mesons 
in Particle Data Group Reviews had appeared at that time. But long-standing unsuccessful 
attempts to prove their existence in a conclusive way entailed general disappointment and 
information on these states disappeared from Particle Data Group Reviews. One of principal 
reasons against the a and k mesons was the fact that both tttt and ttk scattering phase shifts 
do not pass over 90° at putative resonance masses. Situation changes when it was shown [4] 
that in the linear a model there is a negative background phase which hides the a meson. 
It has been made clear that shielding of wide lightest scalar mesons in chiral dynamics is 
very natural. This idea was picked up, see, for example, Ref. [5], and triggered new wave 
of theoretical and experimental searches for the a and k mesons, see Particle Data Group 
Review [1]. 

In theory the principal problem is impossibility to use the linear a model in the tree 
level approximation inserting widths into o meson propagators because such an approach 
breaks the both unitarity and Adler self-consistency conditions [4]. Strictly speaking, the 
comparison with the experiment requires the nonperturbative calculation of the process 
amplitudes [6]. Nevertheless, now there are the possibilities to estimate odds of the ^7l(3) x 
Ur{3) linear a model to the underlying physics of the light scalar mesons in phenomenology 
[7]. Really, even now there is a huge body of information about the 5* waves of different 
two-particle pseudoscalar states and what is more the relevant information goes to press 
almost continuously from EES, BNL, CERN, CESR, DA$NE, FNAL, KEK, SLAG, and 
others. As for theory, we know quite a lot about the scenario under discussion: the nine 
scalar mesons, the putative chiral masking [4] of the (t(600) and k{700 — 900) mesons, the 
unitarity and Adler self-consistency conditions. In addition, there is the light scalar meson 
treatment motivated by field theory. The foundations of this approach were formulated in 
Refs. [8-11]. In Refs. [8-10] there were introduced into practice the propagators of light 
scalar mesons 1/Dji{w?) [12]. The inverse propagator 



where Re (nR(m|j)) — Y\.r{'w?') takes into account the finite width corrections of the light 
scalar R resonance, which take into account the contribution of the two-particle virtual 
intermediate ab states to self-energy of the R resonance. 
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is the width of the R ^ ah decay, m — rUah is the invariant mass of the ah state, gnah is the 
couphng constant of the R scalar resonance with the two particle ah state [13], and 
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Below is shown that propagators under discussion satisfy the K alien - Lehmann repre- 
sentation [14] 
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in the wide domain of coupling constants of the scalar it! resonance with the two-particle ah 
states, here rn^ = {rria + mj)^ is the lowest threshold. 

Recall that the onc-Ioop contribution to the self-energy of the R resonance from the two- 
particle intermediate ab states satisfies the dispersion relation with one subtraction. Let us 
subtract at = {nia + mf,y [15] 
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Clearly, the Kallen - Lehmann representation takes place only if 

Dr{z) ^ml-z + Re {Uniml)) - Ur{z) ^ (9) 

over the whole complex plane m^ = z = x + iy. 

Let us consider at first when Im {Dr[x = m^)) = 0. It follows from Eqs. (1), (2), and 
(7) that 

Consequently, Im{Dii{z)) — only in real axis, when y — 0. In additional, see Eqs. (1) 

and (3), Im {Dr{x — m^)) = — mrij(m). So, Im {Dr{x = m^)) = only at m^ < m^. 
Let us find now noughts of Re {Dr[x — m^)) — Dji{x — m^) at m^ < m^ 
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DR{m^) ^ml-m'' + Re (nR(m|)) - Unim^) = . 
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The inverse propagator Dji[m^) increases monotone when w? decreases at w? < ml 
because 
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So, the single nought of Djiivr?) is provided when 
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The left-hand side of Eq. (14) is positive. As for the right-hand side of Eq. (14), 
the contribution of the every ab channel, under the threshold of which the R resonance is, 
mR<ma + mb, 
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according to Eqs. (8). So, only the ab channels, the thresholds of which are under the it! 
resonance, + mi, < mji, can bring the threat to the Kallcn - Lchmann representation. 

As for the light scalar meson case, o"(600), k(700 — 900), /o(980), ao(980), there is only 
one channel, the threshold of which is under the R resonance, tttt, ttK, tttt, ttt] respectively. 
Let us consider at first the one-channel case when the decay threshold is lower than the R 
resonance, ma + m^ < m^. This scenario is most vulnerable from the point of the Kallen - 
Lehmann representation view. One has 
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at m > m+ = ma + mi, , here and hereafter ma > mi, . As is evident from Eqs. (14) and 
("^0 — "^+) — 0> Kallen - Lehmann representation is valid if 
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The one-channel propagators can be actual when treating the (t(600) resonance, the nn 
channel, and the «;(700 — 900) resonance, the nK channel. Let us find what the couphng 
constants are allowed from the Kallen - Lehmann representation view in these cases. 
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glJl^ie < {gl^:f /IGtt^ = - K - 4m^) / Re (P'^'^(m^)) ^ 0.1 GeV^ , 

^Li./16vr^ < {gl^K? /levr' = - - + ^x)'] / i?e (P'^'^(m^)) « 0.4 GeV^ , (18) 



where gl^^ 



0.5 



1.5^2^+^_ , ^2^^ = 1.5c/2+^+^o , = 0.8 GeV. V{a nn, m^) < V% 
GeV, r(/t ^ TrfsT, m«) < 0.8 GeV. 

The two-channel propagators are often used when treating the /o(980) resonance, the tttt 
and KK channels, and the ao(980) resonance, the TTjy and KK channels. To consider this 
issue we need 
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at m_ = nia — mi, <m < m+ — ma + rri},. 

As is easy to see from Eq. (14), there are the (s'/oK^/^/otttt) and {gaoKRl gao-K-nf domains 
in the two-channel cases where the right sides {R — fo or R = oq) of Eq. (14) are negative 
or vanish, in other words, the Kallen - Lehmann representation holds for any gj^^^^^ and g^ 
respectively: 

{9foKK/9fo..f > r% = Re {P^''{m% 
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where g%^^ = l.hg%^+^-, g^j,^ = 2gl^+j,. , and gl^^j, = 2gl,^+^_ = g;+j,+^o 

The ratios of the coupling constants, when the /o(980) and ao(980) resonances were 

treated with the propagators under discussion, satisfied the requirements (20). 

As for outside of these domains, the Kallen - Lehmann representation allows the following 

coupling constants : 
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(21) 



To experience what values of gfynn and ga^nri are allowed by the Kallen - Lehmann 
representation when Eqs. (20) are not satisfied, we consider a deliberately non-real 
case of the weak coupling of /o(980) and ao(980) with the KK channel which gives 

a very conservative estimate. Suppose {gf^KK/gfonn) = (gaoKR/ gao^vf 1/3 then 
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(^/o..)Vl67r2 < ((7^„,jVl67r' ~ 0.3GeV^ r(/o ^ tttt, m/J < TJ.^ ^ 0.9 GeV, and 

((7ao.r,)Vl67r' < jVl67r' ~ O.QGeV^, r(ao ^ vrr?, m„J < T^^ « 1.8 GeV [16]. 

Taking into account the 7777, 7777' and 7r77' channels only extends the coupling constant 
domains where the Kallen - Lehmann representation holds. The inclusion of the 7777' and 
7r77' channels requires 
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at m < = rria — rrib and < 0. 

The Kallen - Lehmann representation guarantees the unitarity condition for the branch- 
ing ratious 

Br(R ^ a6 = y - / X, , — ^ dfn^ (23 



ab ab 



which follows from Eqs. (6), (1), and (16) when 00 [17]. 

Recall that to satisfy Eq. (23) the very popular Flatte formulas [18] require a factor 
which considerably differs from 1, see, for example, [19]. The Flatte formulas ensue from 
our ones by the following substitutions 



Re (nf (7n^)) - nt{m^) ^ '^^Pab (^') , m„ + Tn^ < m ; 

Re {Utiml)) - Uf{m^) ^ ^ (tti^) | , rUa - rUb < m < ma + rUb . (24) 



As for m < nia — rUb and ttt.^ < 0, the analytic continuation of the Flatte formulas in this 
region has no physical sense. In addition, the Flatte formulas keep back traps for users. 
The point is that Re {DR{m^)) has nought not at m\ but at the renormalizcd mass square 

= "^/?+ (fi'Rifif/l^Tr) \Pkk {^r} \ in the two channel /o(980) and ao(980) treatment with 
the Flatte formulas. Consequently, as long as a user would like to associate the peak location 
in the mass distribution 

dNab(m) 2171"^ T(R ^ ab, m) „ „ ,„ , , „ /„ „x , /„ v 

' = Nab ^ , ',2 , R = /o 980 , ab ^nn; R^ 980 , ab = 7r77, 25 

dm TT \DR{m^)\ 

with m|., he will be in the region of the weak coupling of /o(980) and ao(980) with the KK 
channel, a more detailed consideration can be found in Ref . [20] . 

The propagators under discussion are used routinely by the Sobolev Institute for Math- 
ematics Group [21]. They are used also by the SND [22], CMD-2 [23], and KLOE [24] 
Collaborations in treating the (p — > 7/0 (980) jnir and — >• 700 (980) 77777 decays. 
In addition, these propagators are used also in Refs. [25]. They have the ideal properties, 
being only a little more complicated than the Flatte formulas [26]. We propose to use these 
propagators routinely in treating the mass spectra /o(980) — >• tttt and ao(980) — nrj to reveal 
physics underlying the light scalar mesons. 

Really, all information (coupling constants and masses) on scalar mesons is extracted 
from spectra, but the study of spectra requires knowledge of propagators. There are two 
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means. 1) To use the Flatte formulas, which have Quantum Mechanics origin. These 
formulas mean that virtual particles do not contribute to a resonance self-energy, that is, 
these formulas mean that a resonance is a weakly bound system. 2) To use our formulas, 
which have Quantum Field Theory origin and take into account the contribution of virtual 
particles to a resonance self-energy. Our formulas are adequate to description of compact 
states {qq, q^(f, and so on) strongly coupled with decay channels. In addition, our formulas 
pass into the Flatte ones at the limit of weak coupling. 

This work was supported in part by the RFBR Grant No. 02-02-16061 and the Presi- 
dential Grant No. 2339.2003.2 for support of Leading Scientific Schools. A.V. Kiselev also 
thanks very much Dynasty Foundation and ICFPM for scholarship. 
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